Abstract. We prove that a singular part µs of a measure µ satisfying Aµ = 0 for a linear partial differential operator A defined on R d has the range in the intersection of kernels of the principal symbol of A if the singular part is singular with respect to all the variables (uniformly singular) i.e. it is such that for µs-almost every x ∈ R d there exist positive functions α(ε), β(ε), ε ∈ R, satisfying = 0.
Introduction
In the paper, we consider a finite Radon measure µ = (µ 1 , . . . , µ m ) defined on R d satisfying the system of partial differential equation
where I = I 1 × I 2 × · · · × I n ⊂ {α = (α 1 , . . . , α d ) : α s ∈ N ∪ {0}, s = 1, . . . , d} n is a set of multi-indexes, ∂ α = ∂ 
where
Denote by A j , j = 1, . . . , n, the principal symbol of the operator A j given by
The sum given above is taken over all terms from (2) whose order of derivative α is not dominated by any other multi-index from I j . As usual,
, we have I = I 1 = {(1, 0), (0, 1), (0, 2)} and
We are interested in the range of the Radon-Nikodym derivative f (x) = dµs d|µs| (x) of the singular part µ s of the measure µ = µ a + µ s where the latter is the Lebesgue decomposition of the measure µ. The problem is initiated in [1] where it is conjectured that for the k-th order operator A, the function f must take values in the wave cone Λ A = ∪ |ξ|=1 KerA k (ξ) where A k (ξ) is the sum of all symbols of order k (see [3] for details).
The problem is resolved in [3] where one can find thorough information on this issue concerning history and applications (in particular in the calculus of variations and geometric measure theory).
Here, we shall improve the result from [3] by describing behavior of µ s on more general manifolds. Moreover, we prove a stronger statement in the sense that the support of f is actually not in the union of kernels but in their intersection (of course, if we assume that µ s is uniformly singular; see Definition 1).
To this end, for every of the principal symbols A j , j = 1, . . . , n, we assume that there exists a multi-index
+ such that for any positive λ ∈ R the following homogeneity assumption holds
implying that
We then introduce the homogeneity manifolds:
and the corresponding projections
In the case of the operator
, and β = (1, 1/2). Finally, we need a condition on the singular part of the measure µ which we call the uniform singularity condition. Roughly speaking, we require that µ s is singular with respect to every of the variables. For instance, such a condition is not fulfilled by the measure δ(x 1 )dx 2 since it is not singular with respect to x 2 . Definition 1. We say that the measure µ s is uniformly singular if for µ s -almost every x ∈ R d there exist real positive functions α(ε), β(ε), ε ∈ R, satisfying α(ε) ε → 0, ε β(ε) → 0, and a family of sets E ε ⊂ B(x, α(ε)) such that lim For instance, it is clear that the measure δ(x 1 )δ(x 2 ) satisfies the latter condition.
We have the following theorem. 
Remark that each equation of system (2) defines different homogeneity manifold. If all the manifolds P j , j = 1, . . . , n, would be the same, say P , and we have the same set of dominating multi-indices I ′ = I ′ j , j = 1, . . . , n, for then, denoting π = π j , j = 1, . . . , n, we could rewrite (6) in the form
for appropriate matrices A α , α ∈ I ′ . From here, we see that in the latter case, the statement of the theorem is actually
We remark that in [3] , a constant coefficients operator A of order k ∈ N is considered and it was proved that (7) holds with the union ⋒ (instead of ∩) for |α| = k (instead of α ∈ I ′ ) with |ξ| = 1 (instead of ξ ∈ P j , j = 1, . . . , m).
We will dedicate the last section to the proof of the theorem. In the next section, we shall prove it in the case of first order constant coefficients operator and the scalar measure which captures all the elements of the general situation. The proof is based on the blow up method [7] and appropriate usage of Fourier multiplier operators (as in deriving appropriate defect functionals [2, 5] ).
Let us recall that the Fourier multiplier operator T ψ with the symbol ψ is defined vie the Fourier and inverse Fourier transform
where the Fourier and the inverse Fourier transforms are given by
For properties of the Fourier multiplier operators one can consult [4] .
2. Proof of Theorem 2 in the case of first order constant coefficients operator and the scalar measure
Here, we shall prove Theorem 2 when the scalar finite Radon measure µ ∈ M(R d ) satisfies the equation
where (a 0 , a 1 , . . . , a d ) is a constant vector. The proof is essentially the same for the general operator of the form given in (1), but the proof is a bit less technical for (8). The proof in full generality is given in the next section.
Before we start, let f be the Radon-Nykodim derivative of µ s with respect to |µ s | (we disregard the fact that f can take only values ±1): dµ s (y) = f (y)d|µ s |(y).
We fix a convolution kernel ρ : R d → R which is a smooth, compactly supported function of total mass one and convolve (8) by ρ ε (x) = 
